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SOME RELATIONS BETWEEN CERTAIN CLASSES OF
ANALYTIC FUNCTIONS
PRANAY GOSWAMI, TEODOR BULBOACA˘, AND SANJAY K. BANSAL
Abstract. In the present paper we introduce and studied two
subclasses of multivalent functions denoted by Mλp,n(γ;β) and
N λp,n(µ, η; δ). Further, by giving specific values of the parameters
of our main results, we will find some connection between these
two classes, and moreover, several consequences of main results
are also discussed.
1. Introduction and Preliminaries
Let H(U) denote the class of analytic functions in the unit disk
U = {z ∈ C : |z| < 1}, and let A(p, n) be the subclass of H(U) of the
form
f(z) = zp +
∞∑
k=p+n
akz
k, (n, p ∈ N) .
A function f ∈ A(p, n) is said to be multivalent starlike functions of
order α in U, if it satisfies following inequality
Re
zf ′(z)
f(z)
> α, z ∈ U, (0 ≤ α < p, p ∈ N) ,
and we denote this class by S∗p,n(α).
A function f ∈ A(p, n) is said to be multivalent convex functions of
order α in U, if it satisfies following inequality
Re
[
1 +
zf ′′(z)
f ′(z)
]
> α, z ∈ U, (0 ≤ α < p, p ∈ N) ,
and we denote this class by Cp,n(α).
In the recent paper of Irmark and Raina [1], the authors introduced
the subclass Tλ(p;α) of A(p) := A(p, 1), consisting on the functions
f ∈ A(p) that satisfies the inequality
Re
zf ′(z) + λz2f ′′(z)
(1− λ)f(z) + λzf ′(z) > α, z ∈ U, (0 ≤ α < p, p ∈ N) ,
with 0 ≤ λ ≤ 1.
Motivated by the class Tλ(p;α), we introduce two new subclasses of
A(p, n).
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Thus, letMλp,n(γ; β) be the class of functions f ∈ A(p, n) that satisfy
the condition
Re
[
(1− γ)zF
′
λ(z)
Fλ(z) + γ
(
1 +
zF ′′λ (z)
F ′λ(z)
)]
> β, z ∈ U,
(0 ≤ λ ≤ 1, 0 ≤ β < p, γ ∈ R, p ∈ N) ,
and let N λp,n(µ, η; δ) be the class of functions f ∈ A(p, n) that satisfy
the conditions
Fλ(z)F ′λ(z) 6= 0, z ∈ U˙ := U \ {0},
and
Re
[(Fλ(z)
zp
)µ(F ′λ(z)
zp−1
)η]
> δ, z ∈ U,
(0 ≤ λ ≤ 1, 0 ≤ δ < pη(1 + λ(p− 1))η+µ, µ, η ∈ R, p ∈ N)
where
(1.1) Fλ(z) = (1− λ)f(z) + λzf ′(z),
and all the powers are the principal ones.
From above definitions, the following subclasses of the classes A(p, n)
andA(n) = A(1, n) emerge from the families of the functionsMλp,n(γ; β)
and N λp,n(µ, η; δ):
M0p,n(0; β) = N 0p,n(−1, 1; β) = S∗p,n(β), (0 ≤ β < p);
M01,n(0; β) = N 01,n(−1, 1; β) = S∗1,n(β) =: S∗n(β), (0 ≤ β < 1);
M1p,n(0; β) = Cp,n(β), (0 ≤ β < p);
M11,n(0; β) = C1,n(β) =: Cn(β), (0 ≤ β < 1);
Mλ1,p(0; β) = Tλ(p; β), (0 ≤ β < p);
N 01,n(1, η; β) =: Bn(η; β), (η ≥ −1, 0 ≤ β < 1).
Note that S∗p,n(β), Cp,n(β), S∗n(β), Cn(β) and Bn(η; β) are said to
be the class of multivalent starlike functions of order β, multivalent
convex functions of order β, univalent starlike functions of order β,
univalent convex functions of order β, and a subclass of Bazilevic´ func-
tions, respectively. Also, we remark that the class Tλ(p; β) was studied
by Irmak and Raina [1].
Let denote by H[a, n] the class
H[a, n] = {p ∈ H(U) : p(z) = a+ anzn + . . . , z ∈ U} .
In this paper we will extend the results of Irmak et al. [2] for multi-
valent functions, by defining the differential operator J pλ (µ, η) : Ap,n →
H[(µ+ η), p+ n],
J pλ (µ, η)f(z) = µ
zF ′λ(z)
Fλ(z) + η
(
1 +
zF ′′λ(z)
F ′λ(z)
)
,
and further find its relationship with N λp,n(µ, η; δ).
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To prove these results, we will require following Lemmas due to Miller
and Mocanu [3, p. 33–35]:
Lemma 1.1. Let Ω ⊂ C and suppose that the function ψ : C2×U→ C
satisfies ψ(Meiθ, Keiθ; z) /∈ Ω for all K ≥ Mn, θ ∈ R, and z ∈ U. If
p ∈ H[0, n] and ψ(p(z), zp′(z)) ∈ Ω for all z ∈ U, then |p(z)| < M for
all z ∈ U.
Lemma 1.2. Let Ω ⊂ C and suppose that the function ψ : C2×U→ C
satisfies ψ(ix, y; z) /∈ Ω for all x ∈ R, y ≤ −n(1 + x2)/2, and z ∈ U.
If p ∈ H[1, n] and ψ(p(z), zp′(z)) ∈ Ω for all z ∈ U, then Re p(z) > 0
for all z ∈ U.
2. Main Results
Theorem 2.1. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all z ∈ U˙,
where Fλ is given by (1.1), and let η, µ ∈ R. If
(2.1) ReJ pλ (µ, η)f(z) < p(µ+ η)+
nM
M + pη(1 + λ(p− 1))η+µ , z ∈ U,
where M ≥ pη(1 + λ(p− 1))η+µ, then
(2.2)
∣∣∣∣
(Fλ(z)
zp
)µ(F ′λ(z)
zp−1
)η
− pη(1 + λ(p− 1))η+µ
∣∣∣∣ < M, z ∈ U.
(All the powers are the principal ones.)
Proof. Let define the function h by
h(z) =
(Fλ(z)
zp
)µ(F ′λ(z)
zp−1
)η
− pη(1 + λ(p− 1))η+µ.
From the assumptions f ∈ A(p, n) with F ′λ(z)Fλ(z) 6= 0 for all z ∈ U˙,
we have that h ∈ H[0, n], and a simple computation shows that
(2.3) J pλ (µ, η)f(z) = p(µ+ η) +
zh′(z)
h(z) + pη(1 + λ(p− 1))η+µ .
Letting
ψ(r, s; z) = p(µ+ η) +
s
r + pη(1 + λ(p− 1))η+µ
and
Ω =
{
w ∈ C : Rew < p(µ+ η) + nM
M + pη(1 + λ(p− 1))η+µ
}
,
from (2.3) combined with the assumption (2.1) we obtain that
ψ(h(z), zh′(z); z) = J pλ (µ, η)f(z) ∈ Ω for all z ∈ U.
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Further, for any θ ∈ R and K ≥ nM , since M ≥ pη(1 + λ(p − 1))η+µ
we also have
Reψ
(
Meiθ, Keiθ; z
)
= p(µ+ η) +K Re
1
M + e−iθpη(1 + λ(p− 1))η+µ
≥ p(µ+ η) + nM
M + pη(1 + λ(p− 1))η+µ , z ∈ U,
that is ψ
(
Meiθ, Keiθ; z
) 6∈ Ω for all K ≥ Mn, θ ∈ R, and z ∈ U.
Therefore, according to Lemma 1.1 we obtain |h(z)| < M for all z ∈ U,
hence the conclusion (2.2) is proved. 
Theorem 2.2. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all z ∈ U˙,
where Fλ is given by (1.1), and let η, µ ∈ R. If
(2.4) ReJ pλ (µ, η)f(z) > k(µ, η, λ; δ), z ∈ U,
where δ ∈ [0, pη(1 + λ(p− 1))η+µ) and
k(µ, η, λ; δ) =


p(µ+ η)− nδ
2[pη(1+λ(p−1))η+µ−δ]
, if
δ ∈
[
0, p
η(1+λ(p−1))η+µ
2
]
,
p(µ+ η)− n[p
η(1+λ(p−1))η+µ−δ]
2δ
, if
δ ∈
[
pη(1+λ(p−1))η+µ
2
, pη(1 + λ(p− 1))η+µ
)
,
then f ∈ N λp,n(µ, η; δ).
Proof. Let define the function h by
h(z) =
1
pη(1 + λ(p− 1))η+µ − δ
[(Fλ(z)
zp
)µ(F ′λ(z)
zp−1
)η
− δ
]
,
where all the powers are the principal ones. From the assumptions f ∈
A(p, n) with F ′λ(z)Fλ(z) 6= 0 for all z ∈ U˙, we have that h ∈ H[1, n],
and we may easily show that
(2.5) J pλ (µ, η)f(z) = p(µ+ η) +
[
pη (1 + λ(p− 1))η+µ − δ] zh′(z)
[pη(1 + λ(p− 1))η+µ − δ]h(z) + δ .
Further, if we let
ψ(r, s; z) = p(µ+ η) +
[pη(1 + λ(p− 1))η+µ − δ] s
[pη(1 + λ(p− 1))η+µ − δ] r + δ
and
Ω = {w ∈ C : Rew > k(µ, η, λ; δ)} ,
from (2.5) combined with the assumption (2.4) we get
ψ(h(z), zh′(z); z) = J pλ (µ, η)f ∈ Ω for all z ∈ U.
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Also, for any x ∈ R, y ≤ −n(1 + x2)/2, and z ∈ U, we have
Reψ(ix, y; z) = p(µ+ η) +
[pη(1+λ(p−1))η+µ−δ]y
δ2+[pη(1+λ(p−1))η+µ−δ]2x2
≤
p(µ+ η)− nδ[p
η(1+λ(p−1))η+µ−δ]
2
x2+1
δ2+[pη(1+λ(p−1))η+µ−δ]2x2
=: H(x) ≤
k(µ, η, λ; δ) =


lim
x→+∞
H(x), if δ ∈
[
0, p
η(1+λ(p−1))η+µ
2
]
,
H(0), if δ ∈
[
pη(1+λ(p−1))η+µ
2
, pη(1 + λ(p− 1))η+µ
)
.
This shows that ψ(ix, y; z) 6∈ Ω for all x ∈ R, y ≤ −n(1 + x2)/2, and
z ∈ U. From Lemma 1.2 it follows that Reh(z) > 0 for all z ∈ U,
which proves the conclusion of the theorem. 
3. Corollaries and Consequences
In this section we will discuss some interesting consequences of our
main theorems, that extend some previous results obtained in [2].
Putting λ = 0 in the Theorem 2.1 and Theorem 2.2 we get following
corollaries:
Corollary 3.1. Let f ∈ A(p, n) such that f(z)f ′(z) 6= 0 for all z ∈ U˙,
and let η, µ ∈ R. If
(3.1) Re
[
µ
zf ′(z)
f(z)
+ η
(
1 +
zf ′′(z)
f ′(z)
)]
< p(µ+ η) +
nM
M + pη
, z ∈ U,
where M ≥ pη, then∣∣∣∣
(
f(z)
zp
)µ(
f ′(z)
zp−1
)η
− pη
∣∣∣∣ < M, z ∈ U.
(All the powers are the principal ones.)
Example 3.1. Let µ, η ≥ 0 with µ + η > 0, and let a ∈ C∗ := C \ {0}
such that
|a| ≤ p
p + n
, (n, p ∈ N) ,(3.2)
µ
|a|
1 + |a| + η
(p+ n)|a|
p+ (p+ n)|a| ≤
M
M + pη
,(3.3)
where M ≥ pη. Then,
|(1 + azn)µ [p+ a (p+ n) zn]η − pη| < M, z ∈ U.
Proof. Considering the function f(z) = zp + azp+n with a ∈ C∗, the
assumption (3.2) implies that f(z)f ′(z) 6= 0 for all z ∈ U˙, while the
condition (3.1) reduces to
(3.4) Re
[
µ
azn
1 + azn
+ η
a(p+ n)zn
p+ a(p + n)zn
]
<
M
M + pη
, z ∈ U.
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If we let H(ζ) =
ζ
1 + ζ
, with |ζ | ≤ ρ ≤ 1, it follows that
(3.5) − ρ
1− ρ ≤ ReH(ζ) ≤
ρ
1 + ρ
, |ζ | ≤ ρ < 1.
According to this remark, we deduce that
Re
[
µ
azn
1 + azn
+ η
a(p+ n)zn
p+ a(p+ n)zn
]
< µ
|a|
1 + |a|+η
(p+ n)|a|
p+ (p+ n)|a| , z ∈ U,
whenever µ, η ≥ 0 and (3.2) holds. Thus, the assumption (3.3) implies
that the inequality (3.4) holds, and from Corollary 3.1 our result follows
immediately. 
Corollary 3.2. Let f ∈ A(p, n) such that f(z)f ′(z) 6= 0 for all z ∈ U˙,
and let η, µ ∈ R. If
Re
[
µ
zf ′(z)
f(z)
+ η
(
1 +
zf ′′(z)
f ′(z)
)]
> ν(η, µ; δ), z ∈ U,
where δ ∈ [0, pη) and
ν(η, µ; δ) := k(µ, η, 0; δ) =
{
p(µ+ η)− nδ
2(pη−δ)
, if δ ∈ [0, pη
2
]
,
p(µ+ η)− n(pη−δ)
2δ
, if δ ∈ [pη
2
, pη
)
,
then
Re
[(
f(z)
zp
)µ(
f ′(z)
zp−1
)η]
> δ, z ∈ U.
(All the powers are the principal ones.)
Using a similar proof like to Example 3.1, the following result can
be easily deduced from the above corollary:
Example 3.2. Let µ, η ≤ 0 with µ+ η < 0, and let a ∈ C∗ such that
|a| ≤ p
p+ n
, (n, p ∈ N) ,
µ
|a|
1 + |a| + η
(p+ n)|a|
p+ (p+ n)|a| ≥
δ
2 (δ − pη) , if δ ∈
[
0,
pη
2
]
,
µ
|a|
1 + |a| + η
(p+ n)|a|
p+ (p+ n)|a| ≥
δ − pη
2δ
, if δ ∈
[
pη
2
, pη
)
,
where δ ∈ [0, pη). Then,
Re {(1 + azn)µ [p+ a (p+ n) zn]η} > δ, z ∈ U.
Remark 3.1. Taking p = 1 in the Corollaries 3.1 and 3.2, we get a
known result obtain by Irmak et al. [2].
Taking λ = 0, µ = 1 − γ, and η = γ in Theorem 2.1 and 2.2,
respectively, we obtain the following special cases:
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Corollary 3.3. Let f ∈ A(p, n) such that f(z)f ′(z) 6= 0 for all z ∈ U˙,
and let γ ∈ R. If
(3.6) Re
[
(1− γ)zf
′(z)
f(z)
+ γ
(
1 +
zf ′′(z)
f ′(z)
)]
< p+
nM
M + pγ
, z ∈ U,
where M ≥ pγ, then∣∣∣∣∣
(
f(z)
zp
)1−γ (
f ′(z)
zp−1
)γ
− pγ
∣∣∣∣∣ < M, z ∈ U.
(All the powers are the principal ones.)
Example 3.3. Let γ ≥ 0, and let a ∈ C∗ such that
|a| ≤ p, (p ∈ N) ,(3.7)
|a|+ γ |a|
p+ |a| ≤
M
M + pγ
,(3.8)
where M ≥ pγ . Then,
|eaz (p+ az)γ − pγ | < M, z ∈ U.
Proof. For the function f(z) = zpeaz ∈ A(p) with a ∈ C∗, the assump-
tion (3.7) implies that f(z)f ′(z) 6= 0 for all z ∈ U˙, and the condition
(3.6) reduces to
(3.9) Re
(
az + γ
az
p+ az
)
<
M
M + pγ
, z ∈ U.
Since Re(az) < |a| for z ∈ U, using the inequality (3.5) we deduce
that
Re
(
az + γ
az
p+ az
)
< |a|+ γ |a|
p+ |a| , z ∈ U,
whenever γ ≥ 0 and the condition (3.7) is satisfied. The assumption
(3.8) implies that the inequality (3.9) holds, and from Corollary 3.3 we
obtain our result. 
Corollary 3.4. Let f ∈ A(p, n) such that f(z)f ′(z) 6= 0 for all z ∈ U˙,
and let γ ∈ R. If
Re
[
(1− γ)zf
′(z)
f(z)
+ γ
(
1 +
zf ′′(z)
f ′(z)
)]
> ξ(γ; δ), z ∈ U,
where δ ∈ [0, pγ) and
ξ(γ; δ) := k(1− γ, γ, 0; δ) =
{
p− nδ
2(pγ−δ)
, if δ ∈ [0, pγ
2
]
,
p− n(pγ−δ)
2δ
, if δ ∈ [pγ
2
, pη
)
,
then
Re
[(
f(z)
zp
)1−γ (
f ′(z)
zp−1
)γ]
> δ, z ∈ U.
(All the powers are the principal ones.)
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Like in the proof of Example 3.3, from the above corollary we obtain
the next special case:
Example 3.4. Let γ ≥ 0, and let a ∈ C∗ such that
|a| ≤ p, (p ∈ N) ,
−|a|+ γ |a|
p+ |a| ≥
δ
2 (δ − pγ) , if δ ∈
[
0,
pγ
2
]
,
−|a|+ γ |a|
p+ |a| ≥
δ − pγ
2δ
, if δ ∈
[
pγ
2
, pγ
)
,
where δ ∈ [0, pγ). Then,
Re {eaz(p+ az)γ} > δ, z ∈ U.
Remarks 3.1. 1. For p = 1 and M = γ + 1, Corollary 3.3 reduces to a
known result due to Irmak et al. [2].
2. For p = 1, Corollary 3.4 reduces to a known result due to Irmak
et al. [2].
Upon taking λ = 1 in Theorem 2.1 and Theorem 2.2 we get the next
special cases:
Corollary 3.5. Let f ∈ A(p, n) such that f ′(z) (f ′(z) + zf ′′(z)) 6= 0
for all z ∈ U˙, and let η, µ ∈ R. If
ReJ p1 (µ, η)f(z) < p(µ+ η) +
nM
M + p2η+µ
, z ∈ U,
where M ≥ p2η+µ, then∣∣∣∣
(
f ′(z)
zp−1
)µ(
f ′(z) + zf ′′(z)
zp−1
)η
− p2η+µ
∣∣∣∣ < M, z ∈ U.
(All the powers are the principal ones.)
Corollary 3.6. Let f ∈ A(p, n) such that f ′(z) (f ′(z) + zf ′′(z)) 6= 0
for all z ∈ U˙, and let η, µ ∈ R. If
ReJ p1 (µ, η)f(z) > σ(µ, η; δ), z ∈ U,
where δ ∈ [0, p2η+µ) and
σ(µ, η; δ) := k(µ, η, 1; δ) =


p(µ+ η)− nδ
2(p2η+µ−δ)
, if δ ∈
[
0, p
2η+µ
2
]
,
p(µ+ η)− n(p
2η+µ−δ)
2δ
, if δ ∈
[
p2η+µ
2
, p2η+µ
)
,
then
Re
[(
f ′(z)
zp−1
)µ(
f ′(z) + zf ′′(z)
zp−1
)η]
> δ, z ∈ U.
(All the powers are the principal ones.)
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If we let f(z) = zp + azp+n with a ∈ C∗, we easily deduce that
f ′(z) (f ′(z) + zf ′′(z)) 6= 0 for all z ∈ U˙ whenever |a| ≤ p
2
(p+ n)2
. Using
the fact that F1(z) = zf ′(z), after some simple computations, from the
above two corollaries we get respectively:
Example 3.5. Let µ, η ∈ R, and let a ∈ C∗ with |a| ≤ p
2
(p+ n)2
, n ∈ N,
such that
Re
[
(µ+ η)ϕ(z) +
zϕ′(z)
nϕ(z) + p
]
<
M
M + p2η+µ
, z ∈ U,
where M ≥ p2η+µ and ϕ(z) = a(p+ n)z
n
p+ (p+ n)zn
. Then,
∣∣[p+ a(p+ n)zn]µ [p2 + a(p+ n)2zn]η − p2η+µ∣∣ < M, z ∈ U.
Example 3.6. Let µ, η ∈ R, and let a ∈ C∗ with |a| ≤ p
2
(p+ n)2
, n ∈ N,
such that
Re
[
(µ+ η)ϕ(z) +
zϕ′(z)
nϕ(z) + p
]
>
δ
2 (δ − p2η+µ) , z ∈ U, if δ ∈
[
0,
p2η+µ
2
]
,
Re
[
(µ+ η)ϕ(z) +
zϕ′(z)
nϕ(z) + p
]
>
δ − p2η+µ
2δ
, z ∈ U, if δ ∈
[
p2η+µ
2
, p2η+µ
)
,
where δ ∈ [0, p2η+µ) and ϕ(z) = a(p + n)z
n
p+ (p + n)zn
. Then,
Re
{
[p + a(p+ n)zn]µ
[
p2 + a(p+ n)2zn
]η}
> δ, z ∈ U.
Taking λ = 1, µ = 1 − γ, and η = γ in Theorem 2.1 and 2.2,
respectively, we obtain following results:
Corollary 3.7. Let f ∈ A(p, n) such that f ′(z) (f ′(z) + zf ′′(z)) 6= 0
for all z ∈ U˙, and let γ ∈ R. If
ReJ p1 (1− γ, γ)f(z) < p+
nM
M + pγ+1
, z ∈ U,
where M ≥ pγ+1, then∣∣∣∣∣
(
f ′(z)
zp−1
)1−γ (
f ′(z) + zf ′′(z)
zp−1
)γ
− pγ+1
∣∣∣∣∣ < M, z ∈ U.
(All the powers are the principal ones.)
Corollary 3.8. Let f ∈ A(p, n) such that f ′(z) (f ′(z) + zf ′′(z)) 6= 0
for all z ∈ U˙, and let γ ∈ R. If
ReJ p1 (1− γ, γ)f(z) > ̺(γ; δ), z ∈ U,
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where δ ∈ [0, pγ+1) and
̺(γ; δ) := k(1− γ, γ, 1; δ) =


p− nδ
2(pγ+1−δ)
, if δ ∈
[
0, p
γ+1
2
]
,
p− n(p
γ+1−δ)
2δ
, if δ ∈
[
pγ+1
2
, pγ+1
)
,
Re
[(
f ′(z)
zp−1
)1−γ (
f ′(z) + zf ′′(z)
zp−1
)γ]
> δ, z ∈ U.
(All the powers are the principal ones.)
We will give two special cases of the above last corollaries, ob-
tained for f(z) = zpeaz ∈ A(p) with a ∈ R∗ = R \ {0}. Since
f ′(z) = zp−1eaz(p + az), then f ′(z) 6= 0 for all z ∈ U˙ if and only
if |a| ≤ p. Also, it could be easily checked that f ′(z) + zf ′′(z) =
zp−1eaz [p2 + a(2p+ 1)z + a2z2] 6= 0 for all z ∈ U˙ whenever |a| ≤
2p+ 1−√4p+ 1
2
≤ p. Using the fact that F1(z) = zf ′(z) = zpeaz(p+
az), after some simple computations, we get respectively:
Example 3.7. Let γ ∈ R, and let a ∈ R∗ with |a| ≤ 2p+ 1−
√
4p+ 1
2
,
p ∈ N, such that
Re
{
az
[
1 +
1− γ
az + p
+ γ
2az + 2p+ 1
a2z2 + a(2p+ 1)z + p2
]}
<
M
M + pγ+1
, z ∈ U,
where M ≥ pγ+1. Then,∣∣eaz (p+ az)1−γ [a2z2 + a(2p+ 1)z + p2]γ − pγ+1∣∣ < M, z ∈ U.
Example 3.8. Let γ ∈ R, and let a ∈ R∗ with |a| ≤ 2p+ 1−
√
4p+ 1
2
,
p ∈ N, such that
Re
{
az
[
1 +
1− γ
az + p
+ γ
2az + 2p+ 1
a2z2 + a(2p+ 1)z + p2
]}
>
δ
2 (δ − pγ+1) , z ∈ U,
if δ ∈
[
0,
pγ+1
2
]
,
Re
{
az
[
1 +
1− γ
az + p
+ γ
2az + 2p+ 1
a2z2 + a(2p+ 1)z + p2
]}
>
δ − pγ+1
2δ
, z ∈ U,
if δ ∈
[
pγ+1
2
, pγ+1
)
,
where δ ∈ [0, pγ+1). Then,
Re
{
eaz (p + az)1−γ
[
a2z2 + a(2p+ 1)z + p2
]γ}
> δ, z ∈ U.
In the next result we will find the relation between Mλp,n(γ; δ) and
N λp,n(1− γ, γ; ρ). For this purpose, putting µ = 1−γ, η = γ in Theorem
2.2, we have:
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Corollary 3.9. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all
z ∈ U˙, where Fλ is given by (1.1), and let γ ∈ R. If
f ∈Mλp,n(γ; ρ(γ, λ; δ)),
where
ρ(γ, λ; δ) := k(1−γ, γ, λ; δ) =


p− nδ
2[pγ(1+λ(p−1))−δ]
, if δ ∈
[
0, p
γ(1+λ(p−1))
2
]
,
p− n[pγ(1+λ(p−1))−δ]
2δ
, if
δ ∈
[
pγ(1+λ(p−1))
2
, pγ(1 + λ(p− 1))
)
,
and δ ∈ [0, pγ(1 + λ(p− 1))), then f ∈ N λp,n(1− γ, γ; δ).
For λ = 1/2 we will give a special case of this last corollary, consid-
ering f(z) = zp + azp+n with a ∈ C∗. Since
F1/2(z) = 1
2
[f(z) + zf ′(z)] =
zp
2
[p+ 1 + a(p+ n + 1)zn] ,
it follows that F1/2(z)F ′1/2(z) 6= 0 for all z ∈ U˙ whenever |a| ≤
p(p+ 1)
(p+ n)(p+ n + 1)
. It is easy to check that f ∈ M1/2p,n(γ; ρ(γ, 1/2; δ))
if and only if
Re
[
p+ ϕ(z) + γ
zϕ′(z)
p+ ϕ(z)
]
> ρ(γ, 1/2; δ), z ∈ U,
where ϕ(z) =
an(p + n+ 1)zn
p + 1 + a(p + n+ 1)zn
and ρ(γ, 1/2; δ) is given by Corol-
lary 3.9. Because ϕ(0) = 0, the above inequality holds in a neighbor-
hood of the annulus, hence it holds for all z ∈ U if |a| is small enough.
Thus, we get the following example:
Example 3.9. Let γ ∈ R, and let a ∈ C∗ with |a| ≤ p(p+ 1)
(p+ n)(p + n+ 1)
,
n, p ∈ N, and |a| small enough such that
f(z) = zp + azp+n ∈M1/2p,n(γ; ρ(γ, 1/2; δ)),
where ρ(γ, 1/2; δ) is given by Corollary 3.9. Then,
f(z) = zp + azp+n ∈ N 1/2p,n (1− γ, γ; δ),
i.e.
Re
{
[p+ 1 + a(p+ n + 1)zn]1−γ [p(p+ 1) + a(p+ n)(p + n+ 1)zn]γ
}
> 2δ
for all z ∈ U.
Taking γ = 0 and n = 1 in above corollary, we get the next special
case:
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Corollary 3.10. Let f ∈ A(p) such that Fλ(z)F ′λ(z) 6= 0 for all z ∈ U˙,
where Fλ is given by (1.1). If
f ∈ Tλ(p; ρ1(λ; δ)),
where
ρ1(λ; δ) := k(1, 0, λ; δ) =


p− δ
2[1+λ(p−1)−δ]
, if δ ∈
[
0, 1+λ(p−1)
2
]
,
p− [1+λ(p−1)−δ]
2δ
, if
δ ∈
[
1+λ(p−1)
2
, 1 + λ(p− 1)
)
,
and δ ∈ [0, 1 + λ(p− 1)), then f ∈ N λp,1(1, 0; δ).
If λ = 1/2 we will give a special case of the above result for f(z) =
zp + azp+1 ∈ A(p) with a ∈ C∗. Because
F1/2(z) = 1
2
[f(z) + zf ′(z)] =
zp
2
[p+ 1 + a(p+ 2)z] ,
it follows that F1/2(z)F ′1/2(z) 6= 0 for all z ∈ U˙, whenever |a| ≤
p
p+ 2
.
It is easy to check that f ∈ T1/2(p; ρ1(1/2; δ)) if and only if
(3.10) Re [p+ ϕ(z)] > ρ1(1/2; δ), z ∈ U,
where ϕ(z) =
a(p + 2)z
p+ 1 + a(p + 2)z
and ρ1(1/2; δ) is given by Corollary
3.10. According to (3.5) we deduce that
Re [p+ ϕ(z)] > p− |a|(p+ 2)
p+ 1− |a|(p+ 2) , z ∈ U,
and combining this inequality with (3.10) we obtain the following ex-
ample:
Example 3.10. Let a ∈ C∗ with |a| ≤ p
p+ 2
, p ∈ N, such that
|a| ≤ (p+ 1)δ
(p+ 2)(p+ 1− δ) , if δ ∈
[
0,
p+ 1
4
]
,
|a| ≤ (p+ 1)(p+ 1− 2δ)
(p+ 2)(p+ 1 + 2δ)
, if δ ∈
[
p + 1
4
,
p+ 1
2
)
,
where δ ∈
[
0,
p + 1
2
)
. Then,
f(z) = zp + azp+1 ∈ N 1/2p,1 (1, 0; δ).
For the special cases η = 1 and µ = −1, Theorem 2.1 and 2.2 reduces,
respectively, to the next results:
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Corollary 3.11. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all
z ∈ U˙, where Fλ is given by (1.1). If
ReJ pλ (−1, 1)f(z) <
nM
M + p
, z ∈ U,
where M ≥ p, then ∣∣∣∣zF ′λ(z)Fλ(z) − p
∣∣∣∣ < M, z ∈ U.
Corollary 3.12. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all
z ∈ U˙, where Fλ is given by (1.1). If
ReJ pλ (−1, 1)f(z) > ς(δ), z ∈ U,
where
ς(δ) := k(−1, 1, λ; δ) =
{
− nδ
2(p−δ)
, if δ ∈ [0, p
2
]
,
−n(p−δ)
2δ
, if δ ∈ [p
2
, p
)
,
and δ ∈ [0, p), then
Re
zF ′λ(z)
Fλ(z) > δ, z ∈ U.
Reversely, taking η = −1 and µ = 1 in Theorem 2.1 and 2.2, respec-
tively, we get following results:
Corollary 3.13. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all
z ∈ U˙, where Fλ is given by (1.1). If
ReJ pλ (1,−1)f(z) <
nMp
Mp + 1
, z ∈ U,
where M ≥ 1
p
, then ∣∣∣∣ Fλ(z)zF ′λ(z) −
1
p
∣∣∣∣ < M, z ∈ U.
Corollary 3.14. Let f ∈ A(p, n) such that Fλ(z)F ′λ(z) 6= 0 for all
z ∈ U˙, where Fλ is given by (1.1). If
ReJ pλ (1,−1)f(z) > ς1(1,−1, λ; δ), z ∈ U,
where
ς1(1,−1, λ; δ) := k(1,−1, λ; δ) =


− nδp
2(1−δp)
, if δ ∈
[
0, 1
2p
]
,
−n(1−δp)
2δp
, if δ ∈
[
1
2p
, 1
p
)
,
and δ ∈
[
0,
1
p
)
, then
Re
Fλ(z)
zF ′λ(z)
> δ, z ∈ U.
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For λ = 1/2 we will give some special cases of the last five results,
considering f(z) = zp + azp+1 ∈ A(p) with a ∈ C∗. Because
F1/2(z) = 1
2
[f(z) + zf ′(z)] =
zp
2
[p+ 1 + a(p+ 2)z] ,
it follows that F1/2(z)F ′1/2(z) 6= 0 for all z ∈ U˙, whenever |a| ≤
p
p+ 2
.
A simple computation shows that
J p1/2(−1, 1)f(z) =
zϕ′(z)
p+ ϕ(z)
,(3.11)
J p1/2(1,−1)f(z) = −
zϕ′(z)
p+ ϕ(z)
,(3.12)
where ϕ(z) =
a(p + 2)z
p + 1 + a(p + 2)z
. On the other hand, we have
zϕ′(z)
p+ ϕ(z)
=
a(p+2)z
p
1 + a(p+2)z
p
−
a(p+2)z
p+1
1 + a(p+2)z
p+1
= H(τ)−H(σ),(3.13)
τ =
a(p+ 2)z
p
, σ =
a(p+ 2)z
p + 1
,
where H(ζ) =
ζ
1 + ζ
. Since |τ | < |a|(p+ 2)
p
, |σ| < |a|(p+ 2)
p+ 1
and
|a|(p+ 2)
p+ 1
<
|a|(p+ 2)
p
, from (3.13) combined with (3.5) we deduce
the estimates
Re
zϕ′(z)
p + ϕ(z)
< sup
|τ |<
|a|(p+2)
p
ReH(τ)− inf
|τ |< |a|(p+2)
p
ReH(τ) =
2x
1− x2
and
Re
zϕ′(z)
p+ ϕ(z)
> inf
|τ |< |a|(p+2)
p
ReH(τ)− sup
|τ |<
|a|(p+2)
p
ReH(τ) = − 2x
1 − x2 ,
where x =
|a|(p+ 2)
p
, i.e.
− 2x
1 − x2 < Re
zϕ′(z)
p+ ϕ(z)
<
2x
1− x2 , x =
|a|(p+ 2)
p
.
From the above computations, we mention that this bounds are not
necessary the best ones.
Using the relations (3.11) and (3.12) and according to the above
inequalities, we deduce the following special cases of Corollaries 3.11 –
3.14 respectively:
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Example 3.11. Let a ∈ C∗ with
|a| ≤ p
p+ 2
−(M + p) +√(M + p)2 +M2
M
,
where M ≥ p, p ∈ N. Then,∣∣∣∣ a(p+ 2)zp+ 1 + a(p+ 2)z
∣∣∣∣ < M, z ∈ U.
Example 3.12. Let a ∈ C∗ with
|a| ≤ p
p+ 2
−2(p− δ) +√4(p− δ)2 + δ2
δ
, if δ ∈
[
0,
p
2
]
,
|a| ≤ p
p+ 2
−2δ +√(p− δ)2 + 4δ2
p− δ , if δ ∈
[p
2
, p
)
,
where δ ∈ [0, p), p ∈ N. Then,
Re
[
p+
a(p + 2)z
p + 1 + a(p + 2)z
]
> δ, z ∈ U.
Example 3.13. Let a ∈ C∗ with
|a| ≤ p
p+ 2
−(Mp + 1) +√(Mp + 1)2 +M2p2
Mp
,
where M ≥ 1
p
, p ∈ N. Then,∣∣∣∣∣ 1p + a(p+2)z
p+1+a(p+2)z
− 1
p
∣∣∣∣∣ < M, z ∈ U.
Example 3.14. Let a ∈ C∗ with
|a| ≤ p
p+ 2
−2(1− δp) +√4(1− δp)2 + δ2p2
δp
, if δ ∈
[
0,
1
2p
]
,
|a| ≤ p
p+ 2
−2δp+√(1− δp)2 + 4δ2p2
1− δp , if δ ∈
[
1
2p
,
1
p
)
,
where δ ∈
[
0,
1
p
)
, p ∈ N. Then,
Re
1
p+
a(p + 2)z
p + 1 + a(p + 2)z
> δ, z ∈ U.
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